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SET-THEORETICAL PROBLEMS IN ASYMPTOLOGY
TARAS BANAKH AND IGOR PROTASOV
Abstract. In this paper we collect some open set-theoretic problems that appear in the
large-scale topology (called also Asymptology). In particular we ask problems about critical
cardinalities of some special (large, indiscrete, inseparated) coarse structures on ω, about
the interplay between properties of a coarse space and its Higson corona, about some spe-
cial ultrafilters (T -points and cellular T -points) related to finitary coarse structures on ω,
about partitions of coarse spaces into thin pieces, and also about coarse groups having some
extremal properties.
Introduction
In this paper we collect selected open problems in the large-scale topology that have set-
theoretic flavor. The large-scale topology (or else Asymptology [34]) studies properties of
coarse spaces. Coarse spaces defined in term of balls were introduced under name balleans in
[26] independently and simultaneously with [37]. The necessary preliminary information on
coarse spaces is collected in Section 1. More information related to large-scale topology can
be found in the monographs [26], [34], [37]. In Section 2 we pose some open problems on the
critical cardinalities of some special (large, inseparated, indiscrete) coarse structures on ω and
in Section 3 we investigate the interplay between properties of a coarse space and its Higson
corona. Section 4 is devoted to some special ultrafilters on ω, and Section 5 to the interplay
between coarse properties of an action of a group G ⊆ Sω on ω and the induced action of G
on the compact Hausdorff space ω∗ = βω \ω. In Section we study partitions of coarse spaces
into finitely many thin pieces and in the final Section 7 we collect some questions about coarse
groups with some extremal properties.
1. Coarse structures and coarse spaces
Coarse structures are introduced with via balls as in [26], [34] or via entourages as in [37].
An entourage on a set X is any subset E of the square X ×X that contains the diagonal
∆X := {(x, x) : x ∈ X} of X ×X. For two entourages E,F the sets
E−1 = {(y, x) : (x, y) ∈ E} and EF = {(x, z) : ∃y ∈ X (x, y) ∈ E ∧ (y, z) ∈ F}
are entourages on X.
For an entourage E on X, a point x ∈ X and a set A ⊆ X, the sets
E(x) := {y ∈ X : (x, y) ∈ E} and E[A] =
⋃
a∈A
E(a)
are called the E-balls around x and A, respectively.
An entourage E is called
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• symmetric if E = E−1;
• cellular if E−1 = E = EE (i.e., E is an equivalence relation on X);
• locally finite if for any x ∈ X the set E±(x) := E(x) ∪ E−1(x) is finite;
• finitary if the cardinal supx∈X |E
±(x)| is finite;
• trivial if the set E \∆X is finite.
It is clear that each cellular entourage is symmetric, each trivial entourage is finitary, and
each finitary entourage is locally finite.
A coarse structure on a set X is any family E of entourages on X satisfying the following
axioms:
(A1) for any E,F ∈ E , the entourage EF−1 is contained in some entourage G ∈ E ;
(A2)
⋃
E = X ×X;
(A3) for any entourages E ⊆ F on X the inclusion F ∈ E implies E ∈ E .
A subfamily B ⊆ E is called a base of the coarse structure E if each entourage E ∈ E is
contained in some entourage B ∈ B. Any base of a coarse structure satisfies the axioms (A1),
(A2). On the other hand, any family of entourages B satisfying the axioms (A1), (A2) is a
base of the unique coarse structure
↓B =
⋃
B∈B
{E ⊆ X ×X : ∆X ⊆ E ⊆ B}.
For a coarse structure E on a set X, its weight w(E) is defined as the smallest cardinality of
a base of E .
A coarse structure E on a set X is called
• bounded if X ×X ∈ E ;
• locally finite if each entourage E ∈ E is locally finite;
• finitary if each entourage E ∈ E is finitary;
• cellular if E has a base consisting of cellular entourages.
Each set X carries the smallest coarse structure consisting of all trivial entourages on X.
The smallest coarse structure is finitary and cellular. The family Eω(X) (resp. Eω1(X)) of
all finitary (resp. locally finite) entourages on X is the largest finitary (resp. locally finite)
coarse structure on X.
Each action α : G×X → X of a group G on a set X induces the finitary coarse structure
EG on X, which is generated by the base consisting of the entourages
EF (L× L) ∪ {(x, y) ∈ X ×X : y ∈ Fx}
where L is a finite subset of X and F is a finite subsets of the group G that contain the
identity 1G of G. The action of the permutation group SX on X induces the largest finitary
coarse structure ESX = Eω(X) on a set X. The trivial subgroup {1G} induced the smallest
finitary coarse structure on X.
The following fundamental fact was proved by Protasov in [19] (see also [28] and [24]).
Theorem 1.1. Each finitary coarse structure on a set X coincides with the finitary coarse
structure EG induced by the action of some subgroup G ⊆ SX .
Each metric space (X, d) carries the canonical coarse structure Ed, which is generated by
the base {
{(x, y) ∈ X ×X : d(x, y) < ε} : 0 < ε <∞
}
.
A coarse structure E on a set X is called metrizable if E = Ed for some metric d.
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The following metrizability theorem can be found in [34, 2.1.1].
Theorem 1.2. A coarse structure on a set is metrizable if and only if it has a countable base.
A coarse space is a pair (X, E) consisting of a set X and a coarse structure E on X. A
coarse space is called metrizable (resp. bounded, cellular, locally finite, finitary) if so is its
coarse structure E .
Let (X, E) be a coarse space. A subset B ⊆ X is called bounded if B ⊆ E(x) for some
E ∈ E and x ∈ X. The family of all bounded subsets in a coarse space is called the bornology
of the coarse space.
For two coarse spaces (X, EX) and (Y, EX), a function f : X → Y is called
• coarse if for any entourage EX ∈ EX there exists an antourage EY ∈ EY such that
{(f(x), f(x′)) : (x, x′) ∈ EX} ⊆ EY ;
• an asymorphism if f is bijective and both maps f and f−1 are coarse;
• a coarse equivalence if f is coarse and there exists a coarse map g : Y → X such that
{(g ◦ f(x), x) : x ∈ X} ⊆ EX and {(f ◦ g(y), y) : y ∈ Y } ⊆ EY for some entourages
EX ∈ EX , EY ∈ EY .
Theorem 1.3 ([5]). For any countable locally finite groups G,H, the finitary coarse spaces
(G, EG) and (H, EG) are coarsely equivalent.
2. Critical cardinalities related to some special coarse structures on ω
In this section we consider some uncountable cardinals that appear as smallest weights of
the coarse structures on ω that possess some (pathological) properties. First we recall the
necessary information on cardinal characteristics of the continuum (see [7], [9], [40] for more
details).
For a set X, its cardinality is denoted by |X|. Cardinals are identified with the smallest
ordinals of a given cardinality. We denote by ω and ω1 the smallest infinite and the smallest
uncountable cardinals, respectively. By c we denote the cardinality of the real line. For a set
X, let [X]<ω be the family of all finite subsets of X, and [X]ω be the family of all countably
infinite subsets of X.
For two sets A,B, we write A ⊆∗ B if A \ B is finite. For two functions f, g : ω → ω we
write f ≤ g if f(n) ≤ g(n) for all n ∈ ω, and f ≤∗ g if the set {n ∈ ω : f(n) 6≤ g(n)} is finite.
Now we recall the definitions of some small uncountable cardinals, namely:
b = min{|B| : B ⊆ ωω ∀f ∈ ωω ∃g ∈ B g 6≤∗ f};
d = min{|D| : D ⊆ ωω ∀f ∈ ωω ∃g ∈ B f ≤ g};
s = min{|S| : S ⊆ [ω]ω and ∀a ∈ [ω]ω ∃s ∈ S |a ∩ s| = ω = |a \ s|};
t = min{|T | : T ⊆ [ω]ω and (∀s, t ∈ T s ⊆∗ t or t ⊆∗ s) and (∀s ∈ [ω]ω ∃t ∈ T s 6⊆∗ t)};
u is the smallest cardinality of a base of a free ultrafilter on ω;
r is the smallest cardinality of a family R of subsets such that for any finite partition
of ω one of the cells of the partion contains some set R ∈ R.
The order relations between these cardinals are described by the following diagram (see
[7], [9], [40]), in which for two cardinals κ, λ the arrow κ→ λ indicates that κ ≤ λ in ZFC.
s // d // c
ω1 // t //
OO
b
OO
// r // u
OO
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Each family of sets I with
⋃
I /∈ I has four basic cardinal characteristics:
add(I) = min{|A| : A ⊆ I ∧
⋃
A /∈ I};
cov(I) = min{|A| : A ⊆ I ∧
⋃
A =
⋃
I};
non(I) = min{|A| : A ⊆
⋃
I ∧ A /∈ I};
cof(I) = min{|J | : J ⊆ I ∧ ∀I ∈ I ∃J ∈ J (I ⊆ J)}.
These cardinal characteristics are usually considered for the σ-ideals M and N of meager
sets and Lebesgue null sets on the real line, respectively. The cardinal characteristics of the
σ-ideals M and N are described by the famous Cichon´ diagram:
cov(N ) // non(M) // cof(M) // cof(N ) // c
b //
OO
d
OO
ω1 // add(N ) //
OO
add(M) //
OO
cov(M) //
OO
non(N ).
OO
Now let us return to coarse spaces and introduce some properties of coarse structures that
will lead us to some new cardinal characteristics of the continuum.
Let E be a coarse structure on a set X. A subset A ⊆ X is called
• E-bounded if A ⊆ E(x) for some E ∈ E and x ∈ X;
• E-unbounded if A is not E-bounded;
• E-large if E[A] = X for some E ∈ E ;
• E-discrete (or else E-thin) if for every E ∈ E there exists an E-bounded set B ⊆ A
such that A ∩ E(a) = {a} for every a ∈ A \B.
Two subsets A,B ⊆ X are called
• E-close if there exists an entourage E ∈ E such that A ⊆ E[B] and B ⊆ E[A];
• E-separated if for every entourage E ∈ E the intersection E[A] ∩ E[B] is E-bounded.
A coarse structure E on a set X is called
• indiscrete if each E-discrete set in X is E-bounded;
• inseparated if X any E-unbounded sets A,B ⊆ X are not E-separated;
• large if any E-unbounded set in X is E-large.
A coarse space is called indiscrete (resp. inseparated, large) if so is its coarse structure.
For any unbounded coarse space we have the implications:
large ⇒ inseparated ⇒ indiscrete ⇒ nonmetrizable.
The largest finitary coarse structure on ω is large and hence inseparated and indiscrete. Using
indiscrete, inseparated or large coarse structures we can characterize certain known cardinal
characteristics of the continuum.
Theorem 2.1 ([1]). The cardinal
(1) b is equal to the smallest weight of an indiscrete locally finite coarse structure on ω;
(2) b is equal to the smallest weight of an inseparated locally finite coarse structure on ω;
(3) d is equal to the smallest weight of a large locally finite coarse structure on ω;
(4) c is equal to the smallest weight of a large finitary coarse structure on ω.
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The smallest weights of indiscrete (or inseparated) finitary coarse structures on ω determine
new cardinal characteristics of the continuum, which were introduced in [1]:
∆ is the smallest weight of an indiscrete finitary coarse structure on ω;
Σ is the smallest weight of an inseparated finitary coarse structure on ω.
The relation of these two cardinals to other characteristics of the continuum are described in
the following theorem, proved in [1].
Theorem 2.2 ([1]). max{b, c, cov(N )} ≤ Σ ≤ ∆ ≤ non(M).
Problem 2.3 ([1]). Are the strict inequalities max{b, c, cov(N )} < Σ < ∆ < non(M) con-
sistent?
Considering critical cardinalities of cellular coarse structures on ω, we obtain six cardinals:
∆
◦
ω = min
(
{c+} ∪ {w(E) : E is an indiscrete cellular finitary coarse structure on ω}
)
;
Σ
◦
ω = min
(
{c+} ∪ {w(E) : E is an inseparated cellular finitary coarse structure on ω}
)
;
Λ
◦
ω = min
(
{c+} ∪ {w(E) : E is a large cellular finitary coarse structure on ω}
)
;
∆
◦
ω1
= min
(
{c+} ∪ {w(E) : E is an indiscrete cellular locally finite coarse structure on ω}
)
;
Σ
◦
ω1
= min
(
{c+}∪{w(E) : E is an inseparated cellular locally finite coarse structure on ω}
)
;
Λ
◦
ω1
= min
(
{c+} ∪ {w(E) : E is a large cellular locally finite coarse structure on ω}
)
.
The cardinal c+ appears in the definitions of those cardinals in order to make these cardinals
well-defined (this indeed is necessary for the cardinal Λ◦ω, which is equal to c
+ in ZFC).
The following diagram (taken from [1]) describes all known order relations between the
cardinals ∆◦ω,Σ
◦
ω,Λ
◦
ω, ∆
◦
ω1
,Σ◦ω1 ,Λ
◦
ω1
and the cardinals t, b, d,∆,Σ, c. For two cardinals α, β an
arrow α→ β (without label) indicates that α ≤ β in ZFC. A label at an arrow indicates the
assumption under which the corresponding inequality holds.
non(M) // c // c+
Σ
OO
##
∆
◦
ω
//
==
③
③③
③③③
③③
③
Σ
◦
ω
//
∆
◦
ω=c
OO
Λ
◦
ω

OO
∆
::✉✉✉✉✉✉✉✉✉✉
OO
∆
◦
ω1
//
OO
Σ
◦
ω1
//
OO
t=b
||②②
②
②②
②②
②
Λ
◦
ω1
OO
t=d

t //
OO
b //
OOdd❏❏❏❏❏❏❏❏❏❏❏
d
OO
Non-trivial arrows at this diagram follow from Theorem 2.2 and the following theorem
taken from [1].
Theorem 2.4 ([1]). .
(1) Λ◦ω = c
+.
(2) ∆◦ω ≤ c.
(3) ∆◦ω = c implies Σ
◦
ω1
≤ Σ◦ω = c.
(4) t = b implies ∆◦ω1 = Σ
◦
ω1
= b.
(5) t = d implies Λ◦ω1 = d.
This theorem raises many set-theoretic questions.
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Problem 2.5 ([1]). Is Σ◦ω ≤ c in ZFC? This is equivalent to asking if there exists an insepa-
rable cellular finitary coarse structure on ω in ZFC?
Problem 2.5 has afirmative answer if the following problem has negative answer.
Problem 2.6 ([1]). Is ∆◦ω < c consistent?
Problem 2.7 ([1]). Does there exist a large cellular locally finite coarse structure on ω in
ZFC? If yes, is d equal to the smallest weight of a large cellular locally finite coarse structure
on ω?
Problem 2.8 ([1]). Is b equal to the smallest weight of an indiscrete cellular locally finite
coarse structure on ω?
Two coarse structures E , E ′ on a set X are called
• δ-equivalent if two subsets A,B ⊆ X are E-close if and only if they are E ′-close;
• λ-equivalent if two subsets A,B ⊆ X are E-separated if and only if they are E ′-
separated.
These equivalences were introduced and studied in [30] where the following two problems are
posed.
Problem 2.9 ([30]). Are any two δ-equivalent finitary coarse stuctures on ω equal?
Remark 2.10. By [1, 6.12], under b = c there exists continuum many large finitary coarse
structures on ω. All of them are δ-equivalent, which means that Problem 2.9 has negative
answer under b = c. So we are actually interested in the ZFC-answer to Problem 2.9.
Problem 2.11 ([30]). Let E , E ′ be two λ-equivalent finitary coarse structures on ω. Is E
cellular if E ′ is cellular?
Remark 2.12. By [1, 5.9], under ∆◦ω = c there exist 2
c many inseparable cellular finitary
coarse structures on ω. All of them are λ-equivalent, which means that Problem 2.9 has neg-
ative answer under ∆◦ω = c. So we are actually interested in the ZFC-answer to Problem 2.11.
It can be shown that two metrizable coarse structures on the same set are equal if and only
if they are δ-equivalent.
Problem 2.13 ([25], [30]). Let E , E ′ be two δ-equivalent finitary coarse structures on ω. Is E
metrizable if E ′ is metrizable?
Finally we discuss some problems related to cardinal characteristics of the family E•ω of
nontrivial cellular finitary entourages on ω. We are interested in two cardinal characteristics
of the family E•ω:
↑↓(E•ω) := min{|A| : A ⊆ E
•
ω ∀E ∈ E
•
ω ∃E
′ ∈ E•ω ∃A ∈ A (E
′ ⊆ E ∩A)};
↓↑(E•ω) := min{|A| : A ⊆ E
•
ω ∀E ∈ E
•
ω ∃E
′ ∈ E•ω ∃A ∈ A (E ∪A ⊆ E
′)}.
The cardinal characteristics ↑↓(E•ω) and ↓↑(E
•
ω) are introduced and studied in [1, §7], where
the following theorem is proved.
Theorem 2.14 ([1, 7.1]). Σ ≤ ↑↓(E•ω) ≤ non(M) and cov(M) ≤ ↓↑(E
•
ω) ≤ c.
This theorem raises the following set-theoretic problems.
Problem 2.15. Which of the following strict inequalities is consistent?
(1) Σ < ↑↓(E•ω);
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(2) ↑↓(E•ω) < non(M);
(3) cov(M) < ↓↑(E•ω);
(4) ↓↑(E•ω) < c.
Remark 2.16. Since the strict inequality cov(M) < c is consistent, either (3) or (4) in
Problem 2.15 is consistent. But which one? Or both?
3. The Higson corona of a coarse space
Let (X, E) be a coarse space. A real-valued function f : X → R is called slowly oscillating if
for any ε ∈ (0,∞) and E ∈ E , there exists an E-bounded set B ⊆ X such that diam f [E(x)] <
ε for any x ∈ X \B.
Let so(X, E) be the algebra of bounded slowly oscillating functions on X and
δ : X → Rso(X,E), δ : x 7→ (f(x))f∈so(X,E),
be the canonical map. Since each function f ∈ so(X, E) is bounded, the image δ(X) has
compact closure h(X, E), called the Higson compactification of the coarse space (X, E). Since
each function f : X → R with finite support supp(f) = {x ∈ X : f(x) 6= 0} is slowly
oscillating, the map δ is injective and δ(X) is an open discrete subspace of h(X, E).
Since every function f : X → R with E-bounded support is slowly oscillating, for every
E-bounded set B ⊆ X the closure δ(B) is an open subset of h(X, E). Then the complement
~(X, E) = h(X, E) \
⋃
{δ(B) : B ⊆ X is E-bounded in X}
is a compact subset of h(X, E), called the Higson corona of (X, E). If each bounded set in
(X, E) is finite, then the Higson corona ~(X, E) coincides with the remainder h(X, E) \ δ(X)
of the Higson compactification of X.
By the Higson corona of a coarse structure E on a set X we shall understand the Higson
corona of the coarse space (X, E). More information on Higson (and other coronas) can be
found in [18], [4], and [37].
Each coarse map f : X → Y between coarse spaces X,Y induces a continuous map
hf : h(X)→ h(Y ), hf : (xϕ)ϕ∈so(X) 7→ (xψ◦f )ψ∈so(Y ),
between their Higson compactifications. If f is a coarse equivalence, then the induced map
~f = hf↾~(X) : ~(X)→ ~(Y ) is a homeomorphism of the Higson coronas.
The Higson corona reflects many properties of the coarse space. For example,
• for any inseparated coarse space its Higson corona is a singleton;
• for any indiscrete coarse space its Higson corona is finite.
Let us recall that a compact Hausdorff space X is perfectly normal if each closed subset of
is of type Gδ in X. In [4] we studied the problem of reconstruction of a coarse space from its
Higson corona and proved the following theorem.
Theorem 3.1 ([4]). (1) Every perfectly normal compact Hausdorff space is homeomor-
phic to the Higson corona of some finitary coarse structure on ω.
(2) Under ∆◦ω = c, every perfectly normal compact Hausdorff space is homeomorphic to
the Higson corona of some cellular finitary coarse structure on ω.
(3) Under ω1 = c, every compact Hausdorff space of weight ≤ ω1 is homeomorphic to the
Higson corona of some cellular finitary coarse structure on ω.
This theorem raises two open set-theoretic problems.
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Problem 3.2. Is each compact Hausdorff space of weight ≤ ω1 homeomorphic of a finitary
coarse structure on ω?
Problem 3.3. Is each compact metrizable space homeomorphic to the Higson corona of some
cellular finitary coarse structure on ω?
By Theorem 4 in [17] (see also Theorem 11 in [8]), for any cellular metrizable finitary coarse
space (X, E) its Higson corona ~(X, E) is a zero-dimensional compact Hausdorff space. Under
CH, we have a much more precise result.
Theorem 3.4 ([21]). Under CH the Higson corona of any unbounded separable ultrametric
space is homeomorphic to βω \ ω.
On the other hand, under u < d we have an opposite result.
Theorem 3.5 ([3]). Let G be any countable locally finite group. Under u < d, for a metrizable
finitary coarse space (X, E) the following conditions are equivalent:
(1) (X, E) is coarsely equivalent to the coarse space (G, EG);
(2) the Higson coronas ~(X, E) and ~(G, EG) are homeomorphic;
(3) (X, E) is cellular and the character of each point in ~(X, E) is ≥ d.
We recall that the character of a point of a topological space is the smallest cardinality of
a neighborhood base at the point.
By [39] (see also [41], [10]), under Proper Forcing Axiom (briefly, PFA), each homeomor-
phism of the Stone-Cˇech remainder βω \ ω is induced by a bijection between subsets with
finite complement in ω. This result can be reformulated as follows.
Theorem 3.6. Let E be the smallest coarse structure on the set X = ω. Under PFA, each
homeomorphism of the corona ~(X, E) is induced by some coarse equivalence of (X, E).
This theorem suggests the following problem (or rather a research program).
Problem 3.7. Assume PFA. Let X,Y be two metrizable (cellular) finitary coarse spaces.
(1) Are the coarse spaces X,Y coarsely equivalent if their Higson coronas are homeomor-
phic?
(2) Is any homeomorphism between the Higson coronas of X,Y induced by a coarse equiv-
alence between X and Y ?
4. Special ultrafilters on coarse spaces
First we recall the definitions of some special types of free ultrafilters on ω.
A free ultrafilter U on ω is called
• a P -point if for any sequence of sets {Un}n∈ω ⊆ U there exist a set U ∈ U such that
U ⊆∗ Un for every n ∈ ω;
• a Q-point if for any locally finite cellular entourage E on ω there exists a set U ∈ U
such that |U ∩ E(x)| ≤ 1 for any x ∈ ω;
• Ramsey if for any map f : ω → ω there exists U ∈ U such that f↾U is either constant
or injective;
• a weak P -points, if for any sequence (Un)n∈ω of free ultrafilters that are not equal to
U there exists a set U ∈ U \
⋃
n∈ω Un;
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• an OKκ-point for a cardinal κ if for any sequence of sets {Un}n∈ω ⊆ U there exists a
family (Vα)α∈κ ⊆ U such that for any ordinals α1 < · · · < αn in κ we have
⋂n
i=1 Vαi ⊆
∗
Un;
• rapid if for any function f ∈ ωω there exists a function g ∈ ωω such that f ≤ g and
{g(n) : n ∈ ω} ∈ U ;
• discrete if for any injective function ϕ : ω → R there exists a set U ∈ U whose image
f(U) is a discrete subspace of R;
• nowhere dense if for any injective function ϕ : ω → R there exists a set U ∈ U whose
image f(U) is nowhere dense in R;
• a (cellular) T -point if for any increasing sequence (En)n∈ω of finitary (and cellular)
entourages on ω there exists a set U ∈ U such that for every n ∈ ω the set {x ∈ U :
{x} 6= U ∩ En(x)} is finite;
• dynamically discrete if for any action of a countable group G on ω the subspace
{g U}g∈G is discrete in βω.
It is known that a free ultrafilter on ω is Ramsey if and only if it is both a P -point and a
Q-point. More information on Q-points, P -points, weak P -points, OKκ-points can be found
in the survey [13]; discrete and nowhere dense ultrafilters were considered in [2] and [38];
(cellular) T -points were introduced and studied by Petrenko and Protasov in [27], [28].
The following diagram describes the implications between various properties of free ultra-
filters on ω.
rapid Q-pointks +3 T -point +3 cellular T -point
Ramsey +3
KS
P -point +3
KS

discrete +3 nowheredense
OKc-point +3 OKω1-point
+3 weak P -point +3
dynamically
discrete
According to a famous result of Kunen [11] (see also [13, 4.5.2]), OKc-points exist in ZFC.
On the other hand, there are models of ZFC containing no nowhere dense ultrafilters [38] and
there are models of ZFC containing no rapid ultrafilters [14]. A well-known open problem
[13, p.563] asks whether there exists a model of ZFC containing no P -points and no Q-points.
This information motivates the following open problems.
Problem 4.1 ([27]). Do T -points exist in ZFC?
Problem 4.2 ([27]). Is each weak P -point (or OKc-point) a T-point?
Problem 4.3 ([28]). Is each discrete ultrafilter a T -point?
Problem 4.4 ([28]). Is each cellular T -point a T -point?
Remark 4.5. By [27, Proposition 4], under CH there exists a T -point which is neither a
weak P -point, nor a Q-point nor a nowhere dense ultrafilter. Jana Flasˇkova noticed that a
rapid ultrafilter needs not be a T -point, see [28, p.350].
It is easy to see that weak P -points are dynamically discrete ultrafilters. The converse is
not true because of the following result. Two ultrafilters U ,V on ω are called isomorphic if
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there exists a bijection f of ω such that U = {f(V ) : V ∈ V}. By [13, 4.5.2], there exists 2c
pairwise non-isomorphic weak P -points.
Theorem 4.6. If {Un}n∈ω is a sequence of pairwise non-isomorphic weak P -points, then
each ultrafilter W in the closure {Un : n ∈ ω} ⊆ βω \ ω is dynamically discrete.
Proof. Since W ∈ {Un : n ∈ ω}, there exists an ultrafilter V on ω such that for every V ∈ V
and sets (Un)n∈V ∈
∏
n∈V Un, the set
⋃
n∈V Un belongs to W. If the ultrafilter V is principal,
then W = Un for some n ∈ ω and W = Un is dynamically discrete, being a weak P -point. So,
we assume that V is a free ultrafilter. Let G be any countable subgroup of the permutation
group Sω of ω, and let {gn}n∈ω be any enumeration of the group G.
Inductively for every n ∈ ω we shall choose a subset Un ∈ Un satisfying the following
conditions:
(a) Un /∈ gUi for any g ∈ G and i ∈ ω with Un 6= gUi;
(b) Un ∩ giUj = ∅ = Un ∩ g
−1
i Uj for any i, j ≤ n with Un 6= gUj .
To start the inductive construction, use the fact that U0 is a weak P -point. So, it does not
belong to the closure of the countable set {gUi : g ∈ G, i ∈ ω, gUi 6= U0} and hence there
exists a set U0 ∈ U0 such that U0 /∈ gUi for any g ∈ G and i ∈ ω with gUi 6= U0. If U0 6= g0U0,
then we can replace U0 by a smaller set and assume that U0 ∩ g0U0 = ∅.
Now assume that for some n ∈ ω we have selected sets Ui ∈ Ui for all i < n so that the
conditions (a),(b) are satisfied. Taking into account that the ultrafilter Un is a weak P -point,
we can find a set Un ∈ Un such that Un /∈ gUi for all g ∈ G and i ∈ ω with Un 6= gUi.
Replacing Un by a smaller set in Un, we can also assume that Un ∩ giUn = ∅ for any i ≤ n
with Un 6= giUn. By the inductive condition (b), for every i ≤ n and j < n with Un 6= giUj
we have Uj /∈ g
−1
i Un and then we can replace Un by Un \
⋃
{giUj : i ≤ n, j < n, Un 6= giUj}
and thus satisfy the conditions (a) and (b). This completes the inductive step.
To see W is dynamically discrete, it suffices to show that the ultrafilter W is an isolated
point of its orbit {gW}g∈G. This will follow as soon as we check that for every g ∈ G with
gW 6=W, the set W =
⋃
n∈ω Un does not belong to the ultrafilter gW. Find a number m ∈ ω
such that g = gm. The inequality W 6= gW implies that the set Vg = {n ∈ ω : Un 6= gUn, n ≥
m} belongs to the ultrafilter V. We claim that the set Wg :=
⋃
n∈Vg
gUn ∈ gW is disjoint
with the set W . Assuming that W ∩Wg 6= ∅, we could find two numbers i ∈ ω and j ∈ Vg
such that Ui ∩ gmUj 6= ∅. If i = j, then the inclusion i ∈ Vg implies Ui 6= gmUi = gmUj and
then the inductive condition (b) ensures that Ui ∩ gmUi = ∅, which contradicts the choice of
the numbers j, i. Therefore, i 6= j.
The non-isomorphiness of the ultrafilters Ui,Uj implies that gnUj 6= Ui 6= g
−1
m Uj . Then the
inductive condition (b) ensures that Ui ∩ gmUj if m ≤ j < i and Uj ∩ g
−1
m Ui = ∅ if i < j. In
both cases we obtain Ui ∩ gmUi = ∅, which contradicts the choice of the numbers i, j. This
completes the proof of dynamical discreteness of W. 
5. Coarse structures and topological dynamics
By Theorem 1.1, every finitary coarse structure on a set X is equal to the finitary coarse
structure EG induced by the action of suitable subgroup G ⊆ SX of the permutation group
of X. The action of the group G extends to a continuous action of G on the Stone-Cˇech
compactification βX of the discrete space X. The remainder X∗ = βX \ X is an invariant
subset of the action, so we obtain a dynamical system (X∗, G) and can study the interplay
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between properties of the coarse structure EG and the properties of the dynamical system
(X∗, G), see the papers [20], [25], [33] for more information on this topic.
The following theorem (proved in [30, Theorem 15]) shows that the orbit structure of the
dynamical system (ω∗, G) uniquely determines the coarse structure EG.
Theorem 5.1. For two subgroups G,H ⊆ Sω the coarse structures EG and EH on ω coincide
if and only if {Gp : p ∈ ω∗} = {Hp : p ∈ ω∗}.
The following theorem gives a consistently positive answer to Question 3.14 in [25].
Theorem 5.2. Assume t = c. If for a subgroup G ⊆ Sω the coarse space (ω, EG) is indiscrete,
then there exists an ultrafilter p ∈ ω∗ whose orbit Gp is not discrete but every subspace A ⊆ Gp
of cardinality |A| < c is discrete.
Proof. Let {Sα}α∈c be the set of all subsets of ω.
For every ordinal α ∈ c we shall inductively choose an infinite set Uα ⊆ ω and an element
gα ∈ G such that the following conditions are satisfied:
(i) Uα ∪ gαUα ⊆
∗ Uβ for all β ∈ α;
(ii) Uα ⊆ Sα or Uα ⊆ ω \ Sα;
(iii) Uα ∩ gαUα = ∅.
Assume that for some ordinal α ∈ c we have constructed a family of infinite sets (Uβ)β∈α
satisfying the condition (i). Since α < c = t, there exists an infinite set Wα ⊆ ω such that
Wα ⊆
∗ Uβ for all β ∈ α. Since one of the sets Wα ∩ Sα or Wα \ Sα is infinite, we can replace
Wα by a smaller infinite set and additionally assume that Wα ⊆ Sα or Wα ⊆ ω \ Sα.
Since the coarse space (ω, EG) is indiscrete, the subsetWα is not EG-discrete. Consequently,
there exists an element gα ⊆ G such that the set Vα = {x ∈ Wα : x 6= gαx ∈ Wα} is infinite.
Choose an infinite subset Uα ⊆ Vα such that Uα ∩ gαUα = ∅. It is easy to see that the set Uα
satisfies the conditions (i)–(iii).
After completing the inductive construction, consider the filter p with base {Uα}α∈c. The
condition (ii) implies that p is an ultrafilter, the condition (i) implies that the ultrafilter p is
a P -point (even a P<c-point). To see that the orbit Gp is not discrete, take any neighborhood
Op of p in βω and find α ∈ c such that Uα ⊆ Op. The inductive condition (i) implies that
gα+1Uα+1 ⊆
∗ Uα and hence gα+1p ∈ Uα ⊆ Op, witnessing that the orbit Gp is not discrete.
It remains to prove that every subspace A ⊆ Gp of cardinality |A| < c is discrete. Given
any point gp ∈ A, for every a ∈ A \ {gp}, find an ordinal αa ∈ c such that gUαa /∈ a. By
Proposition 6.4 in [7], the cardinal t is regular. Consequently, there exists an ordinal α ∈ c = t
such that supa∈A αa < α. The inductive condition (i) guarantees that gUα ⊆
∗ gUαa for all
a ∈ A \{gp}. Then gUα is a neighborhood of gp in βω, which is disjoint with the set A \{gp}
and witnesses that the space A is discrete. 
Problem 5.3. Can Theorem 5.2 be proved without assumption t = c?
By a dynamical system we understand a compact Hausdorff space K endowed with the
continuous action of some group G. A dynamical system (K,G) is called
• minimal if the orbit Gx of any point x ∈ K is dense in K;
• topologically transitive if the orbit GU of any nonempty open set U ⊆ K is dense in
K.
The following theorem proved in [25] characterizes large and inseparated coarse structures
in dynamical terms.
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Theorem 5.4 ([25]). For an infinite set X and a subgroup G ⊆ SX of the permutation group,
the coarse structure EG is
(1) large if and only if the dynamical system (X∗, G) is minimal;
(2) inseparated if and only if (X∗, G) is topologically transitive.
It is well-known that a dynamical system (K,G) of a (metrizable) compact Hausdorff space
K is topologically transitive if (and only if) it the orbit Gx of some point x ∈ K is dense in
K. In this case we say that the dynamical system has a dense orbit.
Example 5.5. Under Σ < c there exists a subgroup subgroup G ⊆ Sω of cardinality |G| =
Σ < c such that the coarse structure EG is indiscrete and hence the dynamical system (ω
∗, G)
is topologically transitive but has no dense orbits (as the space ω∗ has density c > |G|).
Example 5.5 cannot be proved in ZFC because of the following theorem that answers
Question 3.7 from [25].
Theorem 5.6. Under t = c, for every subgroup H of the homeomorphism group of ω∗, the
dynamical system (ω∗,H) is topologically transitive if and only if it has a dense orbit.
Proof. The “if” part is trivial and holds without any set-theoretic assumptions. To prove the
“only if” part, assume that t = c and the dynamical system (ω∗,H) is topologically transitive.
Let (Aα)α∈c be an enumeration of all infinite subsets of ω. By transfinite induction we shall
construct a transfinite sequence of infinite subsets (Uα)α∈c of ω and a transfinite sequence
(gα)α∈c of elements of the group H such that for every α ∈ c the following conditions are
satisfied:
(a) Uα ⊆
∗ Uβ for all β < α;
(b) gα(Uα) ⊆
∗ Aα.
To start the inductive construction, put U0 = A0 and g0 be the identity of the group H.
Assume that for some ordinal α ∈ c, a transfinite sequence (Uβ)β<α satisfying the condition
(a) has been constructed. By the definition of the tower number t and the equality t = c > α,
there exists an infinite subset Vα ⊆ ω such that Vα ⊆∗ Uβ for all β < α. The infinite sets Vα
and Aα and determine basic open sets V
∗
α and A
∗
α in the space ω
∗. Since the action of the
group H on ω∗ is topologically transitive, there exist gα ∈ H and an infinite subset Uα ⊆ Vα
such that gα(U
∗
α) ⊆ A
∗
α and hence gα(Uα) ⊆
∗ Aα. This completes the inductive step.
Adter completing the inductive construction, extend the family {Uα}α∈c to a free ultrafilter
U and observe that its orbit intersects each basic open set A∗α, α ∈ c and hence is dense in
ω∗. 
Theorem 5.4 and the (original) definition of the cardinal Σ given in [1] imply the following
dynamical characterization of Σ.
Theorem 5.7. The cardinal Σ is equal to the smallest cardinality of a subgroup G ⊆ Sω such
that the dynamical system (ω∗, G) is topologically transitive.
Theorems 5.6 and 5.7 suggest to consider the cardinal Σ∗ defined as the smallest cardinality
of a subgroup H ⊆ Homeo(ω∗) such that the dynamical system (ω∗,H) is topologically
transitive.
Theorem 5.8. t ≤ Σ∗ ≤ Σ.
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Proof. The inequality Σ∗ ≤ Σ follows from Corollary 5.7. To prove that t ≤ Σ∗, we need
to show that a subgroup H ⊆ Homeo(ω∗) has cardinality |H| ≥ t if the dynamical system
(ω∗,H) is topologically transitive.
By [7, 8.1], there exists a family of infinite sets (Aα)α∈c such that for any distinct ordinals
α, β ∈ c the intersection Aα ∩ Aβ is finite. Repeating the argument from the proof of Theo-
rem 5.6, we can use the topological transitivity of the synamical system (ω∗,H) and construct
a transfinite sequence of infinite subsets (Uα)α∈t of ω and a transfinite sequence (gα)α∈t of
elements of the group H such that for every α ∈ t the following conditions are satisfied:
(a) Uα ⊆
∗ Uβ for all β < α;
(b) gα(Uα) ⊆
∗ Aα.
We claim that the sequence (gα)α∈t consists of pairwise distinct elements of the group H. To
derive a contradiction, assume that gα = gβ for some ordinals α < β in t. Then
gβ(Uβ) = gα(Uβ) ∩ gβ(Uβ) ⊆
∗ gα(Uα) ∩ gβ(Uβ) ⊆ Aα ∩Aβ
and hence the set gβ(Uβ) is finite and so is the set Uβ, which contradicts the choice of Uβ.
This contradiction shows that |H| ≥ |{gα}α∈t| = t and hence Σ
∗ ≥ t. 
Problem 5.9. Is the strict inequality Σ∗ < Σ consistent?
A point x of a topological space X is called
• a P -point if every Gδ-set G ⊆ X that contains x is a neighborhood of x;
• a weak P -point if x /∈ C for any countable set C ⊆ X \ {x}.
For any coarse space (X, E), the canonical map δ : X → h(X, E) from X to its Higson
compactification has a unique continuous extension δ¯ : βX → h(X, E) to the Stone-Cˇech
compatification βX of X endowed with the discrete topology. If the coarse structure E is
locally finite, then δ¯(βX \ X) = ~(X, E). For a free ultrafilter p on X let pˇ be the set
δ¯−1(δ¯(p)). For two free ultrafilters p, q on X we have pˇ = qˇ if and only if for any bounded
slowly oscillating function f : X → R and its continuous extension f¯ : βX → R we have
f¯(p) = f¯(q).
Our next questions ask about the interplay between properties of points in βX \ X and
~(X, E). By Theorem 3 [22], for a metrizable finitary coarse structure E on ω the Higson
corona ~(ω, E) contains a weak P -point. Moreover, ~(ω, E) contains a P -point if βω \ ω
contains a P -point.
Problem 5.10 ([22]). Let E be a finitary metrizable coarse structure on ω and p is a free
ultrafilter on ω.
(i) Is δ¯(p) a weak P -point in ~(ω, E) if p is a weak P -point?
(ii) Does the set pˇ contain a weak P -point in βω \ ω if δ¯(p) is a weak P -point in ~(ω, E)?
Given a countable subgroup G ⊆ Sω, consider the finitary coarse structure EG on ω induced
by the action of the group G. By analogy with Theorem 4.1 [20], it can be shown that for
any P -point p ∈ ω∗ the set pˇ coincides with the closure Gp of the orbit of p under the action
of the group G on ω∗.
Problem 5.11 ([20]). Is a free ultrafilter p on ω a P -point if pˇ = Gp for any countable
subgroup G ⊆ Sω?
If an answer to this question is negative, then another question is of interest.
Problem 5.12 ([20]). In ZFC, does there exists a free ultrafilter p on ω such that pˇ = Gp
for any countable subgroup G ⊆ Sω?
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6. Partitions of coarse spaces into thin subsets
Let (X, E) be a coarse space (X, E) and m be a natural number. A subset T ⊆ X is
called m-thin if for any entourage E ∈ E there exists an E-bounded set B ⊆ X such that
|E(x) ∩ T | ≤ m for every x ∈ T \ B. It is clear that T ⊆ X is 1-thin if and only if T is
E-discrete; 1-thin sets are called thin.
The following dynamical characterization of m-thin sets was proved in [33, Proposition 4]
(for m = 1 this characterization was proved in Theorem 3.2 in [32]).
Theorem 6.1. Let m ∈ N and G ⊆ Sω be a subgroup. A subset T ⊆ ω of the coarse space
(ω, EG) is m-thin if and only if |T¯ ∩Gp| ≤ m for any ultrafilter p ∈ ω
∗. Here T¯ is the closure
of the set T in βω.
This theorem implies the following characterization of decomposability into finitely many
thin pieces.
Theorem 6.2. For a subgroup G ⊆ Sω, a subset T ⊆ ω of the coarse space (ω, EG) can be
covered by finitely many thin sets if and only if any ultrafilter p ∈ T¯ ∩ω∗ contains a set P ∈ p
such that |P¯ ∩Gq| ≤ 1 for every q ∈ ω∗.
By [31], for every n ∈ N and Abelian group G of cardinality ℵn, every n-thin subset T ⊆ G
in the coarse space (G, EG) is the union of m
n+1 thin subsets. On the other hand, there exists
a group G of cardinality ℵω such that the finitary coarse space (G, EG) containing a 2-thin
subset which cannot be covered by finitely many thin subsets. Question 3.19 in [25] asked
if such an example can be found among finitary coarse spaces of countable cardinality. The
following theorem answers this question in affirmative.
A group G is called Boolean if each element x ∈ G has order ≤ 2. A subgroup G ⊆ Sω is
defined to be almost Boolean if the quotient group G/(G∩S<ω) is Boolean. In this definition
S<ω denotes the normal subgroup of Sω consisting of permutations f ∈ Sω that have finite
support supp(f) = {x ∈ ω : f(x) 6= x}.
Theorem 6.3. There exists an almost Boolean subgroup G ⊆ Sω of cardinality |G| = r such
that the finitary coarse space (ω, EG) is cellular and 2-thin but ω cannot be covered by finitely
many 1-thin subspaces.
Proof. We divide the proof of this theorem into three lemmas.
Lemma 6.4. There exists an almost Boolean subgroup G ⊆ Sω of cardinality |G| = c such
that the finitary coarse space (ω, EG) is cellular and 2-thin but ω cannot be covered by finitely
many 1-thin subspaces.
Proof. By [7, 8.1], there exists a family A ⊆ [ω]ω of cardinality |A| = c, which is almost
disjoint in the sense that A ∩B if finite for any distinct sets A,B ∈ A.
Fix any ultrafilter U on ω containing the filter
F = {X ∈ [ω]ω : |{A ∈ A : A 6⊆∗ F}| < c}.
Let {Uα}α∈c be an enumeration of the ultrafilter U . By transfinite induction, for every
α ∈ c choose a set Aα ∈ A \ {Aβ}β∈α such that the set Aα ∩ Uα is infinite. The choice of Aα
is always possible since the set {A ∈ A : |A ∩ Uα| = ω} has cardinality of continuum (in the
opposite case, the set ω \Uα belongs to the filter F ⊆ U but has empty intersection with Uα,
which is a desired contradiction).
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After completing the inductive construction, for every α ∈ c, choose an involution fα of
ω whose support supp(fα) := {x ∈ ω : f(x) 6= x} is an infinite subsets of Uα ∩ Aα. Let
G ⊆ Sω be the subgroup, generated by the set {fα}α∈c. Taking into account that the family
(supp(fα))α∈c is almost disjoint, one can show that the group G is almost Boolean and the
coarse space (ω, EG) is cellular and 2-thin.
To see that (ω, EG) cannot be covered by finitely many thin sets, it suffices to observe that
for every finite partition of ω one of the cells of the partition belongs to the ultrafilter U ,
and that for every α ∈ c the set Uα ∈ U is not 1-thin since the set {x ∈ Uα : fα(x) 6= x} is
infinite. 
For treating the case r < c, we shall exploit the following lemma, which is a partial case of
Theorem 2.1 in [6].
Lemma 6.5. For any cardinal κ < c and family of infinite sets {Iα}α∈κ ⊆ [ω]
ω, there exists
an almost disjoint family {Aα}α∈κ ⊆ [ω]
ω such that Aα ⊆ Iα for every α ∈ κ.
Lemma 6.6. If r < c, then there exists an almost Boolean subgroup G ⊆ Sω of cardinality
|G| = r such that the finitary coarse space (ω, EG) is cellular and 2-thin but ω cannot be
covered by finitely many 1-thin subspaces.
Proof. By definition of the cardinal r, there exists a family {Rα}α∈r ⊆ [ω]
ω such that for any
finite partition of ω one of the cells of the partition contains the set Rα for some α ∈ r.
By Lemma 6.5, there exists an almost disjoint family of infinite sets (Aα)α∈r in ω such that
Aα ⊆ Rα for every α ∈ r. For every α ∈ r choose a bijective function fα ∈ Sω such that
fα ◦ fα is the indentity map of ω whose support supp(fα) = {x ∈ ω : fα(x) 6= x} coincides
with the infinite set Aα.
Let G be the subgroup of Sω, generated by the set of involutions {fα}α∈r. Taking into
account that the family (supp(fα))α∈r is almost disjoint, we can show that the group G is
almost Boolean and the coarse space (G, EG) is cellular and 2-thin.
Next, we show that ω cannot be covered by finitely many 1-thin sets. Assuming that such a
finite cover exists, we can find α ∈ r such that the set Rα is contained in one of the cells of the
cover and hence Rα is 1-thin. On the other hand, for the entourage Eα = ∆ω ∪ {(x, fα(x)) :
x ∈ ω} the set {x ∈ ω : Rα ∩ Eα(x) 6= {x}} contains the infinite set Aα, which means that
the set Rα is not 1-thin. 

Problem 6.7. Is there a ZFC-example of a subgroup G ⊆ Sω of cardinality |G| = ω1 such
that the finitary coarse space (ω, EG) is 2-thin but cannot be covered by finitely many 1-thin
subspaces.
Theorem 6.8. For every number n ∈ N there exists an almost Boolean subgroup G ⊆ Sω of
cardinality |G| = u such that
(1) the finitary coarse space (ω, EG) is cellular and 2-thin;
(2) (ω, EG) can be covered by n thin sets;
(3) (ω, EG) cannot be covered by (n− 1) thin sets.
Proof. Write the set ω as the union ω =
⋃
i∈nΩi where Ω0 = {nk : k ∈ ω} and Ωi = Ω0 + i
for i ∈ n.
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By Proposition 8.1 in By [7], there exists an almost disjoint family A ⊆ [Ω0]
ω of cardinality
|A| = c. Consider the filter
F = {X ∈ [Ω0]
ω : |{A ∈ A : A 6⊆∗ F}| < c}.
Fix any free ultrafilter U on ω possessing a base {Uα}α∈u of cardinality u. If u = c, then
we can additionally assume that F ⊆ U .
Lemma 6.9. There exists an almost disjoint family {Aα}α∈u ⊆ [Ω0]
ω such that Aα ⊆ Uα for
all α ∈ u.
Proof. If u < c, then the existence of the family (Aα)α∈κ follows from Lemma 6.5. So, we
assume that u = c. In this case the ultrafilter U contains the filter F .
By transfinite induction, for every α ∈ c choose a set A′α ∈ A \ {A
′
β}β<α such that the
set Aα = A
′
α ∩ Uα is infinite. The choice of the set A
′
α is always possible since the family
{A ∈ A : |A ∩ Uα| = ω} has cardinality of continuum (in the opposite case, the set ω \ Uα
belongs to the filter F ⊆ U). 
Consider the finite family
[n]2 = {(i, j) ∈ n× n : i < j},
which can be identified with the family of 2-element subsets of the ordinal n = {0, . . . , n−1}.
For every α ∈ c and p ∈ [n]2 choose an infinite set Aα,p ⊆ Aα ⊆ Ω0 such that the family
(Aα,p)p∈[n]2 is disjoint. Consider the involution fα : ω → ω defined by the formula
fα(x) =


x+ (j − i) if x− i ∈ Aα,p for some p = (i, j) ∈ [n]
2;
x− (j − i) if x− j ∈ Aα,p for some p = (i, j) ∈ [n]
2;
x otherwise.
Let G ⊆ Sω be the subgroup generated by the set of involutions {fα}α∈c.
Taking into account that the family (supp(fα))α∈c is almost disjoint, one can show that the
group G is almost Boolean and the coarse space (ω, EG) is cellular and 2-thin. The choice of
the involutions fα guarantees that for every i ∈ n the set Ωi is thin. Therefore, ω =
⋃
i∈nΩi
is the union of n thin sets Ω0, . . . ,Ωn−1.
Now take any partition {P1, . . . , Pn−1} of ω into n − 1 pieces. For every i ∈ n consider
the ultrafilter Ui = {V ⊆ ω : ∃U ∈ U U + i ⊆ V } on ω, and observe that for some
number ki ∈ {1, . . . , n} the set Pki belongs to Ui. By the Pigeonhole principle, there exists
an index k ∈ {1, . . . , n − 1} such that the set {i ∈ n : ki = k} contains two numbers i < j.
Hence Pk ∈ Ui ∩ Uj and there exists α ∈ c such that Uα + {i, j} ⊆ Pk. Consider the pair
p = (i, j) ∈ [n]2 and observe that for the entourage Eα = ∆ω ∪ {(x, fα(x)) : x ∈ ω} the set
{x ∈ Pk : Pk ∩ Eα(x) 6= {x}} contains the set Aα,p + {i, j} and hence is infinite, witnessing
that Pk is not thin. 
Problem 6.10. Let G be a group of cardinality ℵ1 endowed with the finitary coarse group
structure GE . Can every n-thin subset of G be partitioned into n thin subsets? This is so if
G is abelian [33].
7. Coarse groups
A topological space X with no isolated points is called maximal if X has an isolated point
in every stronger topology. Under CH, there exists a maximal topological group [12]. On the
other hand, if there exists a maximal topological group, then there is a P -point in βω \ω [15].
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If a topological group G contains an infinite totally bounded subset, then there exists a
non-closed discrete subset of G [16]. Every discrete subset of a maximal group is closed.
Answering a question from [16], Reznichenko and Sipacheva [36] proved that if there exists a
countable non-discrete topological group in which every discrete subset is closed, then there
is a rapid ultrafilter on ω.
For a group G, a family I of subset of G is called [29] a group ideal if
⋃
I = G, I is closed
under subsets and finite unions and A,B ∈ I implies AB−1 ∈ I. Every group ideal I defines
a coarse structure on G with the base
{
{(x, Fx) : x ∈ G} : 1G ∈ F ∈ I
}
and G endowed with
this coarse structure is called a coarse group.
A coarse group (G, E) is called maximal (G, E) is unbounded but G is bounded in every
(not necessary group) coarse structure on G.
Under CH, there exists a maximal coarse Boolean group [35].
Problem 7.1 ([35]). Does there exist a maximal coarse group in ZFC?
Every maximal coarse group (G, E) is large [35] and hence indiscrete.
Problem 7.2. In ZFC, does there exist an indiscrete coarse group (G, E)?
Let G be a totally bounded topological group endowed with the finitary coarse group
structure EG. Then there exist EG-discrete subsets A,B ⊆ G such that A is dense and B has
the unique limit point [23]. For open problems concerning EG-discrete subsets of topological
groups see [23], where the following problem is posed.
Problem 7.3. In ZFC, does there exist a countable non-discrete topological group G in which
every EG-discrete subset is closed?
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